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Review.

Steady state heat equation
on the upper half plane.

entioninminution
S= O,YER
,

Thm (Uniqueness)
Let U C

>

(I x R+ ) & C(EXR+ )
.

suppose u satisfies that

U = 0 on RXR+

S U(X, 0) = 0 on 1

Moreover suppose that H( , 3) -> 0 as +Y -> 0.

Then U(X ,y) = 0 on RXIR+.



In last class
,

we proved the above uniqueness
result

by assuming the following.

Lemman) Mean value property of harmonic function).
Leta be an open set of R2. Let UE((-)

and suppose U = 0 on&. Suppose

Br (X0,
Yo) - & Where

BR(x0, 30) = <(x , 3) EIR
:

= (X - X0)2+ (3-%03R2)

-aOe
Then >> R

,

U(0, 30)
= Uotcos , Yotrsino) do



Pf . Define

Ucr
,
0) = 41(Xotcoso , Yosino),

for 0 > R
,
002

.

Since ou = 0
,

it follows that

AU = 0 on >R , 02

Recall that

*U = + + +
Hence

= + + = 0

So () + = 0

Define f(r)= S
*

UCr,0 do
L

~ (f) = o
= - do



=
= O (since is

2-perodic in 0
Henc

(r ) = 0 on 0 <<R

So ~ = const on (0 , RI

Notice that as 0
,

is bad
, hence

ro
It implies f = const on or > R

By continuity f(r = f(0) ·

That is

= Ucr, ado= U(0 , a) do
D E
↓

4 (otcoso , Yorsing)
=

*

U(X0 , Yo) do

= U(Xo , Yo) .
H



35 . 3 Poisson summation formula.

Thm3
. (Poisson summation formulal.

Let fE((R) .

Assume that FEMC) .

Let F(x)= fCytn.

Then

F(x) = = (n) einx
nE7

In particular,

I f(n) = z Cul
.

nETX



Pf .

Since FEM(R) , a constant 0

Such that

If(x+n)) = -x+.
It follows that

If(XU) = F(x on any compact s ,a

as N+ Co.

So F is cts on 1
,

and it is 1-periodic

Now let us calculate the Formier coefficients
of
F.

-2 INX

F(n) = S
*

F(xe ax

- 2πinX
= Stzo f(xtR) . dx

-2 inX
By theCTO

- So Extre dx

=

f(3) e-zin(y -R)
dy



= f(y) · Eating dy

= so f(yletiny dy
=

>) ( Formier transform

off)

That is
,
F(n) = F(n)

,
nee

Since FEMC),

/(nc

It follows that

F(ns)
n= - y

Recall # is the Former coefficient ofto
A.



So

F(x)= F puttinx on [01. .

That is,

F(x)= Cheat
#

Example 1. Let f= Py= gn
on IR,

where yo.

Recall that
- 2π()Y

.(5) + e

Then F ,
FEM()

. By the Poisson Summation

formula,

f(+ )= (nein

=I enly
ziine
C



= Pr(2πX)

where r = -2 and

Inl in O

Pr(0)= re=
= - y

Hence

y(x+ n) = Penn(y)(2πx) .

↑

takinbetween the Poisson Bernal on the upper half plane

and the Poisson Kernel on the unit disc.



Example 2
. Define the Theta function

# : R -> I by
↑

- #As

#(s) =

2 e
&

ThenA satisfies the following identity

# (1 = + (5)
.

Pf .
Fix S. Set f = XS.
Notice that

- πX2 #
-H ?e e

So

f(x) = e
- ↑ (15x)" , p

- #) )

=
That is

,
(3)= =
-

.



Check : f, FEM(R).

By Poisson summation formula,

Ef() = EfCn
,nt 7

- #Us
Hence

z e =
nt7

T .
e,

④ (s) = - (5).

Example 3 .

Relation between the heat kernels on the line
and the circle :

H
+ (x)

= = e ER, >
) Heat Gernel on the real line



Notice that

-
- 4232 t

H
+ (3)

= e

Applying the Poisson summation formula to H
gives

zC(x)
I ne

2X

nET

-↳N 2 INX
= = E e

n + #

-
=: H+ (x)

(teat pernel on the
circle (

Hende

H() > 0 for all EI.


